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OBJECTIVES

After studying this chapter, we should be able
to

1)Recognize and formulate a transportation
problem involving a large number of
shipping routes.

2)Drive initial feasible solution using several
methods.

3)Drive optimal solution by usine Modified .
Distribution Method. :

4)Handle the problem of degenerate and :
unbalanced transportation problem. |

|

3)EExamine multiple optimal solutions, and
prohibited routes in the transportation
problem.

6)Construct the initial transnortstion table
for a trans-shipment problem.

7)Solve a profit maximization transportation
problem using suitable changes in the

transportation algorithr.
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ABSTRACT

The transportation problem (TP) is a unique kind of
Linear Programming Problem (LPP) that handles the
division of individual item (finished or raw) from
different sources of resource to different destination of
need in such a manner that the entire transportation cost
is minimized. This project presents the mathematical
structure for the transportation problem. It’s desirable
to decide a transportation schedule which is going to
satisfy the foundation availabilities, non-negative
restrictions and destination requirements while
minimizing the entire cost of transportation. The linear
mathematical structure of the transportation problem
(MOTP) is a unique sort of linear programming problem
where constraints are of uniformity type and the
objectives are conflicting with one another. The exciting
solution methodology of this problem can be partitioned
into two classes. First class consist those that are
producing all the sets of effective solution and the
second classification speaks to the techniques that are
looking for the best compromise solution among the
arrangement of proficient solution.

T




One important application of linear programming is in the area of
physical distribution (transportation) of goods and services from
several supply centres to several demand centres, A transportation
problem when expressed in terms of an LP model can also be solved by
the simplex method, However a transportation problem involves a large
number of variable and constraints, solving it using simplex methods
takes a long time. Transportation algorithms, namely the MODI
(modified distribution) Method have been developed for solving a
transportation problem.

The structure of transportation problem involves a large number of
shipping routes from several supply centres to several demands
centres. Thus, objective is to determine shipping routes between supply
centres and demand centres in order to satisfy the required quantity of
goods or services at each destination centre, with available quantity of
goods or services at each supply centre at the minimum transportation
cost and/ or time.

The transportation algorithm help to minimize the total cost of
transporting a homogeneous commodity (product) from supply centres
to demand centres. However, it can also be applied to the maximization
of total value of utility,

There are various types of transportation models and the simplest of
them was first presented by F L Hitchcock (1941). It was further
developed by T C koopmans (1949) and G B Dantzig (1951). Several
extensions of transportation models and methods have been
subsequently developed.

e

g o S
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Let us consider to illustrate the mathematical mode! formulation of transportation
problem of transporting a single commdity from three sources of supply to four demand
destinations. The sources of supply are production, facilities, warehouses ar supply
centres, each having certain amount of commadity to supply. The destinations are
consumplion facilities, warehouses or demand centres each having certain amount of
requirement {or demand) of the commadity.

Eziamp[&: A company has three production facilities, Sy, 52 and 53 with
production capacity of 7,9 and 18 units (in 100s) per week of a product
respectively, Those units are to be shipped to four warehouse Dy, D; D3 and Da
with requirement of 5,6,7 and 14 units {in 100s) per wee k, respectively, The

transportation costs (in rupees) per unit between fa craries to warehouse are
given in the table below:

D | D D3 D Supply i

6 | 19 30 50 10 7

Sz 70 30 40 60 9

S 40 e v 70 20 18

Demand 5 B 7 14
s &l

Formulate this transportation problem as an LP model to minimize the total
transportation cost.

Meodel formulation: Let, x; = Number of units of the product to be
transported from a production facility 1{i=1,2,3) to a warehouse | (j=1,2,3). The
transportation problem is stated as an LP model as follows:

Minimize {Total Transportation Cost) £ = 19xyy + 30z + S0%13 + 10x24 + Tz +
0%z + 40z + B0xza + 40%31 + Bxaz + 70xs3 + 2434
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Subject to constraints,

X +¥iz+XiatXue=7

Hap+Maz+Xaz+ X4 =0

X3p+ Xaz+Xaa+ xaa=18
|

¥uu+ X+t Ku=5

}I:11+H?E+H3.2=E

¥ia+ Xaa+Xa=7

Xis + Xaa+ X34 = 14

and w2 0for,i=123and 1,234

In the above LP maodel, there are mxn = 3x4 = 12 decision variables, x; and
m+n = 7 constraints, where m are the number of rows and n are the number of
columns in a general transportation table.

Let, there be m sources of supply 51, Sz ... Sn having & (i=1,2...m) units of supply,
respectively to be transported to n desfination Dy, Dz ... Dx with by (j=1 2.0} units of
demand, respeciively. Let G be the cost of shipping ane unit of the commodity from
source | to destination j. If x; represent number of unit shipped from soures | to
cestinalion j. The problem is to determine the transperation schedule so as to minimize
the total transpartation cost while satisfying the supply and demand condition,
Mathematically, the transportafion problem in general, may be stated as follows:

Minimize (total cost) Z= ¥, =1 cuxy
Subject to the constraints,

Te1Xi=a; I=1,2..m {su pply constraints)

Yimixy=by; j=1,2..n{demand constraints)

¥y2 0 foralliand |




Existence of feasible solution: A necessary and sufficient
condition for a feasible solution to the transportation problem is:

Total supply = Total demand
Tihia=Eia b

This type of transportation problem is balanced transportation problem.

The general transportation table is given below:

D1 D, .. | Dn [Supply

S1 Cu Ciz Cin a1
(xa) | (%)
Sz Cu Ca2 Can az

] ® ()




There are several methods of finding initial basic solution. The methods to be
discussed here are:

1) NORTH-WEST CORNER METHOD.

9] ROW-MINIMA METHOD.

3) EGLGMM-M[HM METHOD.

4) MATRIX-MINIMA METHOD.

5] VOGEL'S APPROXIMATION METHOD (VAM).

The initial solution obtained by any of the five method must satisfy the
following condition:

I} The solution must be feasible i.e. it must satisfy all the supply and demand
constraints (also called rim condition).

ii) The number of positive allocation must be equal te m+n-1, Where m is the
number of rows and n is the number of column.

Now the above methods are discussed with illustrations.

1)NORTH-WEST CORNER METHOD:

Step-1:

Start with the cell at upper left (North-West) comer of the transportation table

(or matrix} and allocate commodity equal to minimum of rim values for the
first row and first column, 1.e. min (a1,ba)

Step-2:

a) If allocate made in step-1 is equal to the supply available at first source (a,,
in first row) then move vertically down to the cell {2,1), I.e. second row and
first column. Apply step-1 again for next allocation.
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b} If allocation made in step-1 is equal to the demand of the first destination
(by, in first column) then move horizontally to the cell (1,2), i.e. first row and
second column. Apply step-1 again for next allocation.

¢} a1 = by, allocate xs1 = a1 or by and move diagonally to the call (2,2).
Step-3:

Continue the procedure step by step till an allocation is made in the south-east
corner cell of the transportation table.

Application: We solve the transportation problem and find the basic
feasible solution using by the North-West corner Method.

Dy | Dy Ds l Da Ds a
S1 2 11 10 3 7 4
Sz 1 4 7 2 1 8
53 3 9 4 3 12 9
b 3 3 4 5 6
|
uilan:

Here, ¥a,=3bj=21
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S0, It is a balanced transportation problem.

Tableau-1

D3

10 |

Allocation at {1,1), cell X131 = min {a,bi) = min (4,3) =3

S0, we deleted Dy Column.,

Tableau-2
Ds D,

10 3




Allocation at 1,2), cell x12 = min {as,bz) = min (1,3) =1

So, we deleted 5; Row.

Pape-13

Tableau-3
Dy Ds (Y Ds d
| s, 4 7 2 1 8
53 9 4 3 12 9
by 2 4 5 6
|
Allocation at {2,2), cell x22 = min (az,bz) = min (8,2) =2
So, we deleted Dz Column.
Tableau-4
D Dy De dj
Sz 7 2 1 &
Ss 4 2 12 9
b, a | 5 6
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Allocation at (2,3), cell %33 = min (22,ba) = min (6,4) = 4

>0, we deleted Ds Column,

'll Tableau-5
I Da De 3;
| Sz 2 @ b | 7
. Ss | 8 12 9
bj 5 B

Allocation at {2,4), cell x4 = min (82,bs) = min (2,5) =2

50, we deleted S; Row,

Tableau-6

D D =

g 12 | g

©

3

Allocation at (2,4), cell ¥3: = min {a3,ba4) = min (9,3) =3

50, we deleted D: Column,



Tableau-7
D5 i
Sa 112 6
| @ '
by ‘ 6

Allocation at {3,5), cell xas = min (as,bs) = min (6,6) =6

Now, the final tableau as follows:




Thus, The basic feasible solution is,

Xyp=3 Xp=1, K2=2, X3=4, X0 =2, %34 =3, ¥as = 6
The cost corresponding to this feasible solution

= 3% + 121 + 2xd + 4x7 + 2x2 + 3xB 4+ 6x12

= 6411+8+28+424+72

=153

Total number of variables = m+n-1=3+5-1 =/,

R e e e o o o e o s o o o B 50

in this method, we first consider the first row and find the minimum
cost cell, Let, (1,1) cell be the cell in the first row with minimum cost.

Application: We solve the transportation problem and find the basic
feasible solution using by the Row-minima method.

Dy D D; D a;
51 7 10 14 '_E 30
S: T 11 12 6 40
53 5 8 15 9 __gq _
b 20 20 25 35




—

Selution:
Here, 32 = 3 h; = 100

So, It is a balanced transportation problem.
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Tableau-1
Dy Ds Ds | D dj
S 7 10 14 | 8 30
S 7 11 12 6 40
53 5 8 15 9 30
bj 20 20 25 35
In the S; Row the minimum cost cell is {1,1)
50, ¥11 = min {ay,b1) = min (30,20) =20
50, we deleted Dy Column.
Tableau-2
D D5 Dy aj
51 10 14 8 10
S2 11 12 b 40
53 8 15 9 30
b; 20 25 35




In the S; Row the minimum cost cell is {1,4)

So, %14 = min (ay,ba) = min (10,35) =10

S0, we deleted 5, Row.

Tableau-3
D, Ds D4 ay
S 11 12 6 & 40
S 8 15 9 30 |
by 20 25 25

In the $; Row the minimum cost cell is (2,4)

S0, X210 = min (az,bs) = min (40,25) =25

%o, we deleted D4 Calumn.

Tableau-4
-2 D3 a;
3 11 [ 2 15
S5 8 <:>1 15 30
b 20 25




in the Sz Row the minimum cost cell is (2,2)

S0, %22 = min {az,bz) = min (15,20) =15

So, we deleted 5: Row.

In the 5; Row the minimum cost cell is (3,2)

S0, ¥32 = min {az,bz) = min (30,5) =5

S0, we deleted D; Column.

Tableau-5
D; Ds; e
53 8 15 30
by 5 25

Tableau-6
D3 dj
53 15 25
@
b, 25

In the 53 Row the minimum cost cell is (3,3)

50, ¥33 = min {as,ba) = min (25,25} = 25
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Now, the final tableau as follows:

Ds

10

11 12 6
@ @

53 5 8 15 9 30

® &

20

Thus, The basic feasible solution s,

K11 = 20, %14 = 10, %23 = 15, %24 = 25, %32 = 5, ¥a3 = 25

The cost corresponding to this feasible solution

= 20=7 + 108 + 15x11 + 25x6 + 5x8 + 25x15

= 140+804+16541504+40+375

=950

Total number of variables = m+n-1=3+4-1=6

e e e e e o 0 0 000 50 . i e e o o e 1 1

In this method, we first consider the first column and find the minimum cost
cell. Let, {1,1) cell be the cell in the first column with minimum cost,




An, plication: We solve the transportation problem and find the basic
! feasible solution using by the Column-minima method,

- Dy Ds Dy Dy dj
S 1 5 8 6 8
S 2 5 9
S3 6 4 3 1 13
‘ b; 10 3 4 13
| Solution:

Here, 3ai=3b; =30

| 50, Itis a balanced transportation problem.

Tableau-1

D, Ds D Dy 3

S1 1 5 8 b 8
@)
Sa 4 2 5 4 9
S5 6 4 3 1 13
by 10 3 4 13
|

In the Dy column the minimum cost cell is (1,1)

50, ¥11 = min {a,bi) = min (8,10) =8

50, we deleted 5; Row.




Tableau-2
Dy D Dy D4 di
Sz 4 2 5 4 9
Sa b @ 4 < 1 13
by 2 3 a 13

In the D; column the minimum cost cell is (2,1)

Sa, %21 = min {azbi) = min (9,2) = 2

5o, we deleted Dy Column.

In the Dz column the minimum cost cell is (2,2)

S0, X722 = min (azbz) = r'l‘lil_'t (73)=3

So, we deleted D; Column,

Tableau-3
D2 Dy D a
32 2 5 4 7
53 4 @ 3 i | 13
b, 3 4 13
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Tableau-4
Ds D4 a
52 5 & 4
S3 3 1 13
bj 4 @ 13

In the Ds column the minimum cost cell is (3,3)
So, %33 = min {as,bs) = min (13,4} = 4

So, we deleted D: Column.

Tahleau-5
D4 dj
S, 4 4
=7 1 9
AR e
.

In the Dy column the minimum cost cell is (3,4)
S0, %34 = min (az,be) = min (9,13) =9

S0, we deleted 52 Row.
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Tableau-6
D4 dj
Sa 4 4

@

]

b 4

In the Ds column the minimum cost cell is {2,4)

So, x2a= min (azbs) = min (4,4) =4

Now, the final tableau as follows:

Dy D; Dy Da a
3 1 5 8 6 8
S 4 2 5 4 9
@ @ @
S, | 6 4 3 1 13
@ O
b 10 3 4 13
1

Thus, The basic feasible solution is,
Ku=8,xn=2,%n=3,xu=4 X33=4, Xaa =9

The cost corresponding to this feasible solution

=8Bl 4+ 2xd + 3x2 + dxd + 4x3 + 9=l
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_ - =

= B+8+b+16+12+9

=59

Total number of variables = m+n-1=3+4-1=6

4)MATRIX-MINIMA METHOD:

In this method, we first find out the cell with minimum cost in the cost matrix
and allocate in that cell the maximum allowable amount. We then cross out
the satisfied row or column and adjust the amounts of supply and demand
accordingly. We repeat the process with the uncross ed out matrix and we are
left at the end with exactly one uncrossed out row or column.

Application: We solve the transportation problem and find the basic
feasible solution using by the Matrix-minima method.

| D1 D2 BE Dy =R

s, 2 2 2 1 3

| 53 10 8 5 4 7

! 53 7 6 6 8 5
b; 4 3 4 4

5o, It is a balanced transportation problem.

Here, 3ai=3by=15



Tableau-1
Dy . Ds: Ds
S 2 2 2
Sz 10 3 5
53 7 5 6
b; 4 3 4

In the cost matrix, cell [1,4)
50, %14 = min {a5,ba} = min (3,4) = 3

50, we deleted 5; Row.

Tableau-2
D, D> Ds Ds i 7l
[ s, 10 8 5 4@ T
S5 7 6 6 8 5
b; 4 3 4 1

In the cost matrix, cell (2,4)

30, X24 = Min {az,by) = min (7,1) =1

50, we deleted Dy Column,



Tableay-3
D D; Ds
5; 10 8 5 -
S5 7 6 6
by 4 3 4

In the cost matrix, cell (2,3)
50, X23 = min (3z,b3) = min (6,4) =4

50, we deleted D3 Column.

Tableau-4
Dy | D | dj
|

: S 10 8 2

|

.: Sa 7 6 5
| | 3
| b 4 3

|

In the cost matrix, cell {3,2)
50, %32 = min (as,b:) = min (5,3) =3

S0, we deleted D Column,




Tableau-5
- Dy a
| 3 w0 |z
S3 7 & 2
b T _

In the cost matrix, cell (3,1)
S0, x31 = min (az,by) = min (2,4)=2

So, we deleted 5; Row.

Tableau-6
Dy =]

52 10 2

@

In the cost matrix, cell (2,1)

50, ¥z1 = min (azb1) = min (2,2) =2

MNow, the final tableau as follows:




Thus, The basic feasible solution is,

=3, ¥n=2, ¥n=4 =l x=2, ¥32=3

The cost corresponding to this feasible solution
=3x] 4+ 2x10 + a=5 + 1x4 + Zx7T + 3=xb6

= 3+204+20+4+14+18

=79

Total number of variables=m+n-1=3+4-1=68

Step-1:

Calculate the penalties for each row [column) by taking the difference between
the smallest unit transportation cost in the same row {column). This difference




indicates the penalty or extra cost that has to be paid if decision-maker fails to

sllocate to the cell with the minfmum unit transportation cost.

Step-2:

salect the row or column with the largest penalty and allocate 3
possible in the cell that has the least cost in the selected row or column and
saticfies the rim condition. If there is a tie in the values of penalties,
broken by selecting the cell where the maximum allocation can be made.

s much as

it can be

Step-3:
Adjust the supply and demand and cross out the satisfied row or column, If 2
row and a column are satisfied simultaneously. Only one of them is crossed out

and the remaining row (column) is assigned a zero supply (demand). Any row
ar column with zero supply or demand should not be used in computing future

penalties.

Step-4:
Repeat steps 1 to 3 until the available supply at various sources and demand at
various destinations is satisfied.

\palication: We salve the transportation problem and find the basic
feasible solution using by the Vogel's Approximation Method.

Dy D, Dy Da a
5 5 3 6 30
52 3 4 7 15
15

Solution:
Here, ¥ai = ¥b = 60

Sa, It is a balanced transportation problem.




An initial basic feasible solution by VAM is shown in the following table:

Dy D+ BE Da i
S | 5 3 E 4 |30(1)|23(2) | 23(3)
@ @
53 3 4 7 8 15{1) | 15(1) [ 5(3) 5(3) |3
@ 3
| | 5 |5 6 5 8 |15(1)|15(1) [15(1) |15(1) |15
@3
by 10 25 18 7
| A = o b I ¢
| 10 25 18
a (2) (1) (1)
25 18
| 3 (1 (1)
2 18
| (20 (2
| 18
Now, the final tableau as follows:
D4 D+ Da D.q dj
51 5 3 6 30
. @ @
53 3 &4 7 15
@ @ &
S3 9 6 5 15
@5
bj 10 25 18 7
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Thus, The basic feasible solution is,

X12=23, %4=7, 501 =10, %32 =2, %23 =3, %33 = 15
The cost corresponding to this feasible solution
=233 + 7x4 + 10%3 + 2x4 4 IxT + 155

= 60428430+8+421+75

=231

Total number of variables = m+n-1=3+4-1=6

Ontinality Tes

The test of optimality being by calculating an opportunity cost associated with each
unoccupied cell in the transportation lable. An unoccupied cell with the largest negalive
opportunity cost is selected to in the new set of transportation allocalions.

We discuss here, The UV-Method (or MODI method).

THE UV-METHOD (OR MODI METHOD):

e e e

The steps to evaluate unoccupied calls are as follows:

Step-1:

First find a basic feasible solution of the given transportation prablem by
anyone of the method discussed earlier. For an initial basic feasible solution
with m+n-1 occupied cells, calculate ui and v; for rows and columns,

step-2:

Determine of a set (m+n) numbers u; and v, i=1,2...m, j=1,2...n, such that for all
occupied {i.j} cells oy = urtv. In practice to find ui and v put any one of them
equal to zero and then considering the relations ¢ = u+v; for accupied cells, all
other u, and v; can be found out. Generally, that u; or v, for which the
corresponding row or column contains maximum number of occupled cells is
put to zero.,
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Step-3:

Calculate the cell evaluations Ay for each unoccupied (i j) cells by the formula
A= i+ vy—cyand pit them in the upper right corners of the corres ponding
unoccupied cells,

1) If Ay <0, then the solution Is optimal and unique.

2) If Ay < 0, with a least one Ay = 0, then the solution is optimal but not
unique.

3) If A >0, then the solution is not optimal.

Step-4:

Construct a closed path {or loop) for the unoccupied cell with the largest
positive value of A; start with the closed path with the selected unoccupied cell
and mark a plus sign (+) in this cell, Trace a path along the rows (or columns) to
an occupied cell, mark the comer with a minus sign (-) and continue down the
column {or row) to an occupied cell.

Then mark the corner with plus sign (+) and minus sign (-) alternatively. Closed
the path back to the selected unoccupied cell. Starting from this cell, allocate

an amount & with alternative positive and negative signs to all the ends points
of the closed loop so that supply and demand constraints are always satisfied.

Step-5:

Select the smallest quantity amongst the cells marked with minus sign on the
corners of closed loop. Allocate this value to the select unoccupied cell, add it
to occupied cells marked with plus signs, and subtract it from the occupied
cells marked with minus signs.

step-6:

Obtain a new improved solution by allocating units to the unoccupied cell
according to step 5 and calculate the new total transportation cost,

Apnlication-1: We solve the transpertation problem and find the optimal
solution using by the UV-Method.




W
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Solution:

Here, 3ai=3by=15

50, Itis a balanced transportation problem.

An initial basic feasible solution is obtained by VAM is shown below:

B [ B | e Be |5
5. (2 |2 |z lassEm
@
S; | 10 | 8 5 4 17(1) |7(1) |3(3)
@ @
Ss |7 |6 |6 |8 [5(1)]5(1) |5(1) |5(1)
(D@ ["{D
b 4 3 4 q
(5) (4 (3) (4)
: R R T
(3) (2) (1) (4)
s AR T
3) (2) (1)
i 3 A
1 3
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Now, the optimal salution is obtained by using UV-Methad by usual technique
and is shown in the following table:

D, D0 | Ds | Ds uj
1

S1 2 2 2 1 Ui = -5

) -1 -1 -1
S; | 10 8 5 4 uz =-1

-4 -3 CY
53 7 6 6 8 uz=0

@ 3 | -3
Vi vi= 7/ v1=5' vi=6 va=D5

- |

Let us assume us=0 (since 3™ row contains maximum number of basic cell)

Basic cell € = Uk values of u; and v
X11 Uz tvy= 2 vi=7:up=-5
X3 U= 5 Vi=bh uz=-1
K24 Up+va= 4 Uz=-1:vy=58
LEN uz+vy= 7 uz=0;wv1=7
X3z Uz#va= 6 uz=0;v;=6

X33 Us+va= B Uz=0:v3=6
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Non-basic cell Aj = upHvi-cyy
X1z Az = UpHva-Cra = -546-2 = -1
X13 Mgz = Uptvz-C13 = -546-2=-1
X14 Agq = Ui +vg-Cra = -545-1=-1
M1 Azy = Uzdvi-ca = =1+7-10 = -4
X22 Agz = Uztvz-Cz = -1+6-8 = -3
LET Az = Uztva-C34 = 0+5-B=-3

Since, The cell evaluations of all the non-basic cells are negative.
So, Optimality has been reached.
And, the optimal solution is,
=3 ¥s=3, xa=4 =1, =3, Ha=1
Total minimum cost = 3x2 + 3x5 + 4xd + 1x7 + 3x6 + 1x6
= G+15+16+7+18+6
=68

Total number of variables = m+n-1=3+3-1=6

Applieation-2: We solve the transportation problem and find the optimal
solution using by the UY-Method.

[y Dz D3 Dy a
5S4 19 30 50 10 7
Sz 70 30 40 60 9
53 40 & 70 20 18
b, 5 8 7 14




Salution:

Here, 3ai= jb =34

50, It is a balanced transportation problem.

An initial basic feasible solution is obtained by VAM is shown below:

Pajge-a7

| 0y 0 _Da Dy =1
5 (19 |30 |50 (10 7(9) 7(9) | 2(40) | 2(40)
® @
s, |70 |30 |40 |e0 | 9(10) | 9(20) | 9(20) |9(20)|9(20)
@ @
5; |40 | 8 70 |20 |(18(12)|10(20)|10(50)
b, 5 8 7 14
(21) (22) (10) (10)
5 7 14
(21) (10) (10)
7 14
(10) (10)
7 4
(10) (50) o
7 2
2

Now, the optimal solution is obtained by using UV-Method by usual technigue
and is shown in the following table:




15

S, 70 30 +8| 40

[-1]

®| |32
@

S, 40 8 70 20 us = 20
8 @ -70] [+0 @D
' vi=9 -0

Let us assume vs = 0 (since, 4" column contains maximum number of the basic
cell)

Basic cell Cij = L+ values of u; and v;

X11 ui+v= 19 Ui=10;wv1=9

X1a ustvy= 10 va=0;u; =10

Xa3 Uz+va= 40 u; =60 ; va=-20

Uz +vy= 60 Va=0; u:=60

Us+va= 8 Uuz=20;:vy=-12

Ls+ya= 20 va=0;uz=20

Non-basic cell Ay = uikvi-gy

X1z Az = uitvi-c1a = 10-12-30 = -32
Aia =Ugtvi-Ci13 = 10-20-50 = -60




Az1 = Uzivy-cpn = 60+49-70 =-1
Aaz = Ughva-€y; = 60-12-30 = 18
Aa1 = Uztvi-can = 2049-40 = -11
Aaz = uztva-caa = 20-20-70 = -70

since, Ay is positive (>0), so this solution is not aptimal.

Now, we from a loop with the cell {2,2) and the basic cells (2,4),(3,4) and (3,2)
as shown in the previous table.

Then, we put 8 with alternate signs to this four cells formin g the loop as shown
in the same table,

Now, we are to choose that minimum value of 8 = min (2,8)=2

Now, the new basic feasible solution is given in the next tabla:

D4

D>

D

19

®

30

50

Dy

10

@

70

-19

40

40

=11

70

60

20

@

Let us assume uz =0




Basic cell

K11
X14
X2z
K23
X3z

X34

Non-basic cell

Since, the cell evaluations of all the non basic cells are negative.

5o, Optimality has been reached.

X12
X13
X21
X24
X31

X33

Cil = kv values of u; and v;

up+vi= 19 ui=-32;v1=51

ug+va= 10 va=42:uy=-32

uz+vs= 30 uz=0;v2=30

uz+vi= 40 uz=0;va=40

uztv,=8 vz =30; uz=-22

uz+ve= 20 uz=-22;vs=42
Ajj = UiHV-Cjj

Agz = U1+ve-Ci2 =-32430-30=-32
Ajs = Ug+va-Cy3 = -32+40-50 = -42
Az1 = Uztvi-€y = 0451-70=-19
Aza= UptVa-Cza = 0+42-60 = -18
Az; = Uztvi=C3; =-22+51-40=-11
A3z = Uz+va-Ca3 = -22+40-70 = -52

And, the optimal solution is,

X1=5,Xu=2,%n=2,%n=7,%:2=6, X34 =12

Total minimum cost =5x19 + 2x10 + 2=30 + 7x40 + 6%8 + 12x20

= 95+20+60+280+48+240

Total number of variables = m+n-1=3+4-1=6
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Unbalanced Transportation problem

We know that for existence of a feasible solufion to a transportation problem it is
necassary that tolal supply must be equal to tolal demand, that is

=1 @1= EF:l bj
But when, |
DimaE X by
1.e. lotal supply is not equal to demand, then the transportation is called unbalanced
transportation problem.

To solve any unbalanced transportation problem, we first convert this problem to a
balanced transportation problem. For this we introduce a dummy source or destination
with that amount of supply or demand respectively which will be necessary to make this
problem a balanced transportation problam. The tfransportation cost from any dummy
source or to a dummy destination is taken to be zsro,

Dummy destination will be assumead to be F'a- ¥h (since, Ta> ¥h)

and, Dummy source will be assumed fo be $by- Ta (since, Th> Ya)

D, D, Ds Dy a

3 6 1 9 3 70

S, 11 5 2 8 55

S 10 12 4 7 70
b, 85 35 | 50 45
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Solution:
Here, 3a; = 195 and 7h;= 215

%o, Itis a unbalanced transportation problem,
Since, Fh> %3

So, with think of a dummy source with supply Fbj- ¥a = 215 - 195 = 20 with
zero transportation constant.

30, the carresponding balanced transportation problem is shown in the
following table:

Mow, we find the initial basic feasible solution.

We use VAM with usual process as shown in the next table,



Dy D D3 Da dj

S, |6 1 9 3 70(2) | 70(2) | 5(2)

| e &
S, [11 |5 [z |8 |s5(3)|55(3)|55(3)55(3)|25(6)
30| @9
s: (10 |12 |4 |7 |70(3)|70(3)| 70(3) | 70(3) | 70(3) | 70
| @3 @9
ss [0 |o |o |o |2000)
@0
| b 8 35 50 45

| 6) (1) (2) (3)
65 35 50 45
(4) (4 (2 @

35 50 45
4y (2) 4
30 50 45
(7) (2) (1)
50 45
(2) (1) _
25 45

Number of basic cells = m+n-1 = 4+4-1= 7

So, The problem is non-degenerate.

Mow, We find the extreme solution,

we use U-V method as usual and the scheme is shown in following table:
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Dy D2 D3 D, L;
[ 5, |'s 1 | +8|09 3 u; =0
b le e @m =
Sa 11 5 g2 +0| 8 uz=4
1 G| @9 -3 ol
33 10 ]__2 fii W =6
+8 2 5|8 @ @
54 0 0 0 0 Ug = -6
20) 5 -8 -5
Vj vi=6 va=1 Vi=-2 va=1

Let us assume uy =0

Basic cell Cij = Urky; values of u; and v;
11 Up+vi= b ug=0:vi=6
X132 Up+vp=1 Up=0;v:=1
X2z uz+vz=5 vEluy=4
X1 Uatya= 2 Uz=4 ;w3 =-2
¥a3 uzt+vs= 4 vi=-2:;us=6
X34 Uz+vy= 7 uz=6;:vy=1
Ha1 Ug+vs=0 Vi=6uUy=-6

MNon-basic cell Ajj = UG

X13 A1a= Uptva-C13 = 0-2-9 =-11
X14 Age = UpHa-Caq = 0+1-3 = -2

Xz1 Az = Uztn-C3 = 44+6-11 =-
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X24 Azq = uztvy-cag = 4+1-8 = -3
LER A1 = Uatvi-Cay = 6+6-10 = 2
X3z Agz = Ugtva-C33 = 6+1-12 = -5
a2 Aqz = Uatvy-Caz = -6+1-0 = -5
X4z Az = Lig+Va-Cqa =-6-2-0 = -
Xa4 Agg = UgtVy-Caq = -6+1-0 = -5

We see that, Az is positive.
50, this solution is not optimal.

Now, we form a loop with the cell (3,1) and the basic cells (3,3), (2,3), (2.2),
(1,2} and (1,1} as shown in the previous table.

Then we put 8 alternate signs to this six cells forming the loop as shown in the
same table.

Mow, we put, minimum value of 8 = (65,30,25) =25

Now, the new basic feasible solution Is given in the next table:

D, B D Dy Li;




Let us assumevs =0

X11

Maiz

R22
X23
X31
LET]

¥

Basic cell

X13
X4
X21
Xza
X32
X33

Xaz

Cjp = Upkv)
utvi=6
utvo= 1
Uptvy=5
Lz+va= 2
uz+vy= 10
Lig+ve= 7

Ua+wy=0

Non-basic cell

values of u and v

vi=0;u;=6
up=6;v=-5
vz2=-5;uz=10
uz=10; vy =-8
vi=0;:uz;=10
uz=10;wva=-3

vi=0;us=0

A.] = WitVi-Cjj

A= U+vi-C3 = 6-8-9=-11

Mg = U1tVeC14 = 6-3-3 =0

Agy = Uptvp-Cpg = 1040-11 = -1

Aoz = Ua+Vy=Cza = 10-3-8=-1

Az = U3Hve-C32 = 10-5-12 = -7

A3z = Uztva-Caz = 10-8-4 =-2

Agr = Ug+Vr-Cap = 0-5-0 = -5

Agz= Ugtvi-C43=0-8-0=-8

Aag = UWgtVy-Cgq9 = 0-3-0=-3

Since, the cell evaluations of all non-basic cells are negative or zero.

So, Optimality has been reached,
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The optimal solution is,

%11 =40, x12= 30, %33 =5, gz = 50, ¥31 = 25, Xaa =45

The minimum cost = 40x6 + 30x1 + 5x5 + 50=2 + 25x10 + 45x7
= 240430+25+100+2504315 = 960

Applicatian-2: We solve the following transportation problem,

D: D, Ds Dy aj

5; 42 48 38 37 160

3 40 49 52 51 150

5, 39 38 | 40 43 190
b 80 90 110 | 160

Here, 3a =500 and 7b; = 440
50, It is a unbalanced transportation problem,
Since, Fai>Fhy

50, with think of a dummy destination with demand 2= ¥hy =500 =440 = 60
with zero transportation constant.

S0, the corresponding balanced transportation prablem is shown in the
following table:
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D, D, Ds Dy Ds 3
5 42 a8 38 37 0 160
[ s 40 a9 52 51 0 150
Ss 39 38 40 43 0 150
bj 20 30 110 160 60
|
' MNow, we find the initial basic feasible solution.
| We use VAM with usual process as shown in the next table.
Di|D; [Ds | Ds [Ds]| a
'S, [42] 48 |38 [37 |0 |160(1)| 160(1) |160(1)
|
S; [40_| 49 |52 _| 51 |0 [150(9))150(11)| 70(1) | 70 |70
(z0)| s
55 |39 |38 /40 |43 |0 |190(1) 100(1) |100(3)| 100
G0 foidn)

b, 80 90 110 160 60
(1) (10) (2) (6)
80 110 160 60
(1) (2) (6)

110 160 60

(2) (6)

110 60
| (2)

10 60

60

60}



Murmber of basic cells = 5 {<m+n-1 = 3+4-1 = 6)
50, it is a degenerate basic solution.
Let us introduce an € a very small positive quantity, at the empty cell (1,3)
which is least cost empty cell and proceed for optimal solution.

Mow, we use U-V method as usual and the scheme is shown in following table:

D] Dg D3 D¢ U
42 4 38 37
51 U = 0
16| -12] ®| (60
40 49 +8 52 -8 | 51
52 | . u; =14
(80 1 10 [o]
39 38 40 43
1] 00|  @oo| [4]
Vi Vi=26 Vo= 36 Va= 38 Vg = 37
Let us assume u1 =0
Basic cell Ci = UV values of uj and v,
X173 Up+va= 38 U=0;v3=38
®1g Ui+wva= 37 U1=ﬂ; vq =37
X71 Lz+vy= 40 uz=14:v, =26
X33 Uatva= 52 va=38;u=14
X3z Uz+vz= 38 Uz=2:va=36
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X33 Uz+va= 40 vy=38;u3=2

Non-basic cell Aj = Ut
X11 Mgy = ugtvg-cyy = 0+26-42 = -16
M1z A1z = Up+ve-Cyz = 0+36-48 = -12
Kzz Azz = Uzptvz-czz = 14+36-49 =1
X24 Aag = Ug+vy-Ca4 = 14+37-51 =0
X31 Aap = Uztvi-Cy = 24+26-39 =-11
X34 Pag = Uztvy-Cya = 2+37-43 = -4

We see that, Az is positive.

50, this solution is not optimal.

Now, we form a loop with the cell (2,2) and the basic cells (2,3), (3,3), (3.2) as
shown in the previous table,

Then we put 8 alternate signs to this four cells farming the loop as shown in

the same table.
Now, we put, minimum value of 8 =(90,10) = 10

Now, the new basic feasible sclution is given in the next table:

(M D3 Dy Dy U;

51 42 48 38 37 u;=0
5 12 @ (160)

S3 40 49 52 51 u; =13
@| [ [T

53 39 38 40 43 Uz =2
-10 | @0 4

b; vi=27 | v;=36 | vi=38 | v,=37

I
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Let us assume uy = 0

Basic cell Ci| = Uy, values of u and v;
13 ui+vz= 38 up=0;wvs=38
X14 uytvs= 37 U3 =0;wvy=37
M21 uztvi= 40 uz=13;v1 =27
X2z Lz#+va= 49 V=36 ;u2=13
K32 uz+ve= 38 Uus=2:vz2=36
X33 uztvz= 40 vi=38;uz;=2

Non-basic cell Ajj = UG

X11 A11= urtvi-cyg = 0427-42 = -15
X12 Az = U+ = 0+36-48 = -12
X2z Azz = Uaty3-C33 = 13438-52 = -1
Xz24 Aza= Uztva-Cy4 = 13437-51=-1
X31 Ag1= Uztvi-C3; = 2427-39 =-10
LET] Az = UatVg=Czq = 24+37-43 = -4

Since, the cell evaluations of all non-basic cells are negative,
S0, Optimality has been reached.

The optimal solution is,

¥1a = 160, X33 = 80, 23 = 10, ¥32 = BO, 333 = 110

The minimum cost = 160x37 + 80x40 + 10x49 + 80x38 + 110=40
= 592043200+490+3040+4400
= 17050
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CONCLUSTION

The transportation cost is a significant component
of the total cost structure for any business the
transportation problem was formulated as a Linear
Programming and illuminated with the standard LP
solvers, for example, the Management researcher
module to get the ideal arrangement. The
computational outcomes gave the insignificant total
transportation cost and the values for the decision
factors for optimality.

After illuminating the LP (finear programming)
problems by the PC bundle, the optimum
arrangements gave the important information, for
example, affectability examination to settle on ideal
decisions. Using this scientific model
(Transportation Model) the business can identify
effectively and proficiently plan out its
transportation, with the goal that it cannot just
limit the cost of shipping goods and administrations
yel in addition make time utility by arviving at the
goods promotion administrations at the ideal spot
advertisement ideal time. This means will empower
them to meet the corporative objective, for example,
nstruction reserve, amusement and other felp they
offered to individuals.
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(N RO DUCTION

In mathematics ring is an algebraic structure consisting of a
set together with two binary operations usually called addition
and multiplication, where the set is an abelian group under
addition (called the additive group of the ring) and a monoid
under multiplication such that multiplication distributes over
addition. In other words the ring axioms require that addition
is commutative, addition and multiplication is associative,
multiplication distributes over addition each element in the set
has an additive inverse, and there exists an additive identity.

One of the most common examples of a ring is the set of
integers endowed with its natural operations of addition and

multiplication.

The branch of mathematics that studies rings is known as
ring theory. Ring theorists study properties common to both
similar mathematical structures such as integers and
polynomials, and to the many less well-known mathematical

structures that also satisfy the axioms of ring theory.The
ubiquity of rings makes them a central organizing principle of

contemporary mathematics.

5.3
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The study of rings originated from the theory of polynomial
rings and the theory of algebraic integers. Furthermore, the
appearance of hypercomplex numbers in the mid-19th century
undercut the pre-eminence of fields in mathematical analysis

In the 1880s Richard Dedekind introduced P ﬁ;’b?s

the concept of a ring, and the term ring )
(Zahlring) was coined by David Hilbert in
1892 and published in the article Die Theorie

der algebraischen Zahlkérper, Jahresbericht BeRs
der Deutschen Mathematiker Vereinigung, e '--,;ti'ﬂ' | ‘3
Vol. 4, |897. R S Y | -

Richard Dedekind

According to Harvey Cohn, Hilbert used the term for a
specific ring that had the property of "circling directly back” to
an element of itself. The first axiomatic definition of a ring was
given by Adolf Fraenkel in an essay in Journal fiir die reine und
angewandte Mathematik (A. L. Crelle), vol. 145, 1914.In 1921,
Emmy Noether gave the first axiomatic foundation of the
theory of commutative rings in her monumental paper Ideal
Theory in Rings.

6 >
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Ring Theory is an extension of Group Theory, vibrant, wide
areas of current research in mathematics, computer science
and mathematical/theoretical physics. They have many
applications to the study of geometric objects, to topology and
in many cases their links to other branches of algebra Also
ring theory may be used to understand fundamental physical
laws, such as those underlying special relativity and symmetry
phenomena in molecular chemistry.
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A ring is a set R equipped with two binary operations +: R
R—Rand RRR (where denotes the Cartesian product), called
addition and multiplication.To qualify as a ring, the set and two
operations, ( R_{I} +,*) must satisfy the following condition.

l.( R ,+) is required to be an abelian group under addition :

a) Closure under addition: For all a,b in R, the result of the
operationa + bisalsoin R

b) Under addition: For all a, b, c in R, the equation (a + b) +
c=a+ (b +c) hold.

¢) Existence of additive identity: There exists an element 0

in R, such that for all elements a in R, the equation 0 + a
=a+ 0 = a holds.

d) Existence of additive inverse: For each a in R, there
exists an elementbin Rsuchthata+b=b+a=0

e) Commutative of addition: For all a, b in R, the equation a
+ b =b + a holds.

2.( R ,¥) is required to be a semi group under multiplication :

a) Closure under multiplication: For all a,b in R, the result
of the operation ab is also in R.



b) Associativity of multiplication: For all a, b, ¢ in R, the
equation (ab) * ¢ = a(bc) holds.
3. The distributive laws:
. Foralla,band cin R, the equation a(b + c) =(a* b)+(a%c)
holds.

i. Foralla, band cin R, the equation (a + b) * ¢ = (ac) + (bc)
holds.

|. Commutative ring : A ring in which a.b = b.a for all a,beR is
called commutative ring.

Examples:

. ( £ ,+, bullet) is a commutative ring.

Il. (IR ,+ bullet) is a commutative ring.
ll. ( Q ,+, bullet) is a commutative ring.

IV#(IR) is not commutative ring with respect to matrix
addition and multiplication:

o>
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2. Ring with unity ¢ If in a ring, there exists an element denoted
by | such that, |.a =a =a.| forall ain R, then R is called ring
with unit element.

The element | \in R is called the unit element of the ring.
Examples:

(£t bullet) is a ring with unity.

MZ2(IR) is a ring with unity

3. Null ring or zero Ring : The set R consisting of a single
element 0 with two binary operations denoted by 0 + 0 = 0 and
0.0 = 0 is a ring and is called null ring.

DOIVIE &AM

I-—--
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l. (£ ,+)is a commutative group and (Z ,.) is a commutative
me 1 being the identity element.The distributive law holds.
Therefore ( Z ,+..) is a commutative ring with unity.

* (Q.+.) is a commutative ring with unity.

( R .+.) is a commutative ring with unity.

(C.+..) is a commutative ring with unity.
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). (2Z .+) is a commutative group and ( 2Z ,.) is a
commutative semi group. The distributive law holds.

Therefore (2Z, +..) is a commutative ring. It is a ring
without unity.
3. Ringof real matrices : M4(IR) be the set of all 2x2
matric whose elements are real numbers.

( M;R) ,+) is a commutative group, where + denotes
matrix addition and (M, (R) , ) is a monoid, where " denotes
matrix multiplication.T distributive laws hold.

Therefore (M, (R) ,+,.) is a ring with unity. The identity
matrix | is the unity in the ring.This is a non-commutative
ring. Let nEN.Then (M, (R) ,+,.) is the ring of all n x n real
matrices. It is a non-commutative ring with unity |, In being
the unity in the ring.

4. Ring of integers modulo n : For a fixed ne N, let Zn be
the classes of residues of integers modulo n.Zn =\ 0,1 .2

;----..n' I..'n

( Zn ,+) is a commutative group, where '+' denotes
addition (mod n).

( Zn ,¥) is a commutative monoid where "' denotes
multiplication (mod n).The distributive law holds.

Therefore ( Zn ,+,.) is a commutative ring with unity. | is
the unity.

i >
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L. Rine of Gaussian integers. Let us consider the subset if C

given by Z[i] = (a +ib; a, b €7)

7[i] is the set of all complex numbers of the forma +ib,
where a and b are integers.

Z[i] forms a ring under addition and multiplfcaltiﬂn r:_:rf |
complex number integers. This is a commutative ring with unity.

This ring is called the ring of Gaussian integers.
6. Ring of Gaussian numbers : Let us consider the subset of C
given by Q[i] = (a + ib ;a,b € Q).

Q[i] is the set of all complex numbers of the form a + ib
where a and b are rational numbers.

QJi] forms a numbers er addition and multiplication of
complex numbers.This is a commurtative ring with unity.

This ring is called the ring of Gaussian numbers

7. Ring of Quaternions : Let us consider the set H of 2x2
complex matrices given by

{042 51D ancaen)

a+ i?’" ¢+ i_d can be expressed as al + b) + cK + dL,
—c+id a—ib

wherelzg} g)u'r:(é _ﬂi)rﬁz(_nl .::_'l])'{':([l] ?)

(H,+,.) is a ring with respect to matrix addition and matrix
multiplication. This is non-commutative ring with unity, | being

the unity.
This ring is called the ring of real quaternions.

C12 >
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3. Ring of continuous function

Let S be the set of all real valued continuous functions
on the closed and bounded interval [a,b]. Let f:[a, b] = R . g :[3,
b] — R be the elements of S.

We define addition and multiplication of f and g by
(f +g)(x) = f(x) + g(x) ,x €[a,b] (f.g)(x)=Ff(x).g(x). x €[a, b]

(S ,+.*)is a commutative ring with unity. The function
i defined by i(x) = 1 for all xin[a, b] is the unity in the ring. The
function o defined by o(x) = 0 for all x in[a, b] is the zero
elementin the ring. This ring is denoted by C[a,b] .

9. Zeroring (Trivial Ring) :

Let ( A ,+) be an abelian group with the identity
element 0. Let multiplication (.) be defined on A by b =0 for
every pair of elementsa,b in A Then A is closed under

multiplication.

Let a,b,cin A. Thena (b.c)=a * 0 =0, by definition.
Also (a.b).c=0.c =0, by definition.

Hence multiplication is associative on A Let a,b,c on A

Thena.(b+c)=0anda.b+a.c=0+0=0Thus a.(b+ c)=a.b+a.c
Similarly, (b + c).a=b.a+c.a Hence distributive laws hold in A.

Therefore ( A ,+,.) is a ring. This ring is called a zero-
ring. Thus every abelian group is the additive group of a certain
zero- ring. In particular, the element 0 in the abelian group A

forms a ring by itself. This ring is called the trivial ring. In this
ring 0 is the additive as well as the multiplicative identity.

10. Non trivial ring : If a ring contain at lest two element then
the ring is non trivial ring.

135
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naring (R+*); a,b are said to be divisor of zero if
az0,b#0buta*h=0
then, ais left divisor of zero

and, bis right divisor of zero.

pample—

Z,+,%), (R+,%), (Q,+,%), (C,+,*) contain no divisor of zero.
 Thering (Zs, +, *); 2, 3, 4 are divisor of zero.
Result—

If '’ is unit in a ring R with unity then ‘a’ is not divisor of
7ero.

(HARACTERSTICOF RING :

Let (R,+,*) is a ring, n€ N is call char of ring Rifna=0,
Yo€ R, n is least positive integer.

fno such n exist s.t na = 0, ¥nE R then this ring is called
ero-char,

Eﬂﬂ[ﬂp!e_
LChar(R)=0  2.char(z)=0  3.char(Q)=0
d.char(ze)=@6 5.char(Zn)=n

oy
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Inaring (R,+,*), 3’ is called imdempotent

An element ‘@’ in a ring R od called Nilpotent
pment of index k, if kis least positive integer 5.t a*k = 0.

{ 0OLIAN RING —

Ifinaring R, every element is a”2 = a, then if
<ralled Boolian ring.

ramaple- Zz x Z2 is a Boolian ring.

NTEGRAL DOMAIN :

A non-trivial commutative ring with unity is called
inIntegral Domain if it contain no divisor of zero.

tample —
L Z+%), (R,+,*), (Q,+,*) are Integral Domain.

* [Zo,+, *)is an Integral Domain. Where p is prime.
Hote—

e char of Integral Domain is either zero or prime.

L (5D
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oKEW FIELD/ DIVISON RING :
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A non-trivial ring with unity is called a skew field or
division ring if every non-zero element of it has multiplicative
inverse.

Example-

(Zp, +, *) is a skew field, Where p is prime.
Note—

A skew field contain no divisor of zero.
FIELD :

A commutative skew field is field.
Example -
(Zp, +, *) is a field, Where p is prime.
Note—

Every finite Integral Domain is a field. Each finiteness is
necessary.

MINE AP
1. (R,+) Is commutative group 7
2. (R,*) is semi group — RING
3. Distributive laws

RING + ( unity + units ) = SKEW FIELD

SKEW FIELD + (commutative laws in multiplication) = FIELD

_—
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A non empty subset S of a ring Ris a subring of Rif S

iself a ring is induce operation in R.
or

A non empty subset S of a ring R is called a subring of
R+ %), if

i. (§5,+%)isaring.

i.SER
Example—
1. The subring {0} is called trivial subring of R
2. (mZ,+,*)is subring of (Z,+,%)
3. ZxZisaring,

p S ={(x,0): x€ Z}then Sis a subringof Zx Z
T ={{x,x) ; x € Z} then subring of (Q,+,*)
4. (Q,+,*) is a ring with unity (Z,+,*) is a subring of (Q,+,%)
Note—
The necessary and sufficient condition that a non empty subset
S will subring of R , iff
i. abeS=abes
ii.abeS=abegs

SUB-FIELD :

A non empty subset K of a field F is said to be a sub-
field of Fif (F+,*) is a field and K is sub-field of (F+,*).
or
A non empty subset K of a field (F+,*) will be sub-
field of (F+,*) if
l.abeK=a-bekK
i.abEK br0=a b lek
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LEF (R,+,) be ring S be non empty subset of R then S is a

I a~BES . YabEs

ii.a €S,r ER=areSandrazes.
M

A ring is said to be a simple ring if it has no non trivial
proper ideal.

txample—

Every field is a simple ring.

1]

(]

. In aideal s of a ring R with contain a unit of R then S = R.
PRINCIPAL IDEAL :

An ideal U of a ring R is said to be a principal ideal of R if
U=<a>forsome ainR.

Note—

Let R be a ring. The null ideal {0} is the smallestideal of R

containing the element 0. The null ideal {0} is a principal ideal of
R.

PRINCIPAL IDEAL RING :

A ring is said to be principal ideal ring if every ideal of
the ring is a principal ideal.

Example—
a] Thering Z is a principal ideal ring.

b) Thering Zn is a principal ideal ring.
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In a ringhﬂ, an ideal P+ R is said to be a prime ideal if for
,pin R ab € Pimplieseithera €Porb €P.

Enampll’;“'—
5) The 27 in the ring Z is a prime ideal.

M&Mﬁ

An ideal M of a commutative ring R i< called a maximal
deal of R, iff for any ideal U of R satisfying M © |2 R

yample—
a) InaringZ the ideal 2Z is maximal ideal but 4Z is not
maximal ideal in Z.
by R=c[0,1],5= {fER; f(1/2) = 0} then S is a maximal
ideal.
Note—
a) Everyideal of the ring Znis a pri nciple ideal.
b) A maximal idealin a commutative ring without unity
may not be a prime ideal.
PRINCIPALIDEAL DOMAIN :

Principal ideal ring which is integral domain is called
principal ideal domain.

e, Principal Ideal Ring + Integral Domain = Principal Ideal Domain.
Example—
a) The ring Z is a Principal ideal domain.

b} Polynomial ring Z[x] isnota principal ideal domain.
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UﬂTlENT RING :
Let Risa ring and U is an ideal R, since R is a ring with
rEEPECHD ‘+and”.’
Let us consider asetR/U={a+ U}, aER
e define; addition and multiplication
(a+U)+(b+U)=(a+h)+U
(a+U) *(b+U)=ab+U Va, bE R

this ring R/U is called quotient ring.
Notes--

IfU=<0>then R/U=Rif U= R then R/U= <0 >.Then zero
olement in the quotient ring R/U is U.

i

|fR be a commutativering, then the quotientring R/Uis
also commutative ring.

i. IfR be a ring with unity | and U be a proper ideal of R, then
the gquotient ring R/Uisaring with unity, | + U being the
unity.

Results—

. facommutative ring R with unity, an ideal P is a prime
ideal iff the quotientring R/P is an integral domain.

I If a commutative ring r with unity, an ideal M is a maximal
ideal iff the quotient ring R/M is a field.

Every maximal ideal in a commutative ring with unity is a
prime ideal. The converse may af may-not be hold.

>
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This project was a great way to help myself realize some
ings that | before. Like how much work | actually put into my
ignments and how much | actually understand the work that
sput in front of me . Usually we don’t look at the work after we
ghome because, do it at home and you have friends arou nd
ou at college to help divide the work. This is how student’s
ninds work, and actually how | think about it sometimes 100.
sometimes | don’t understand the importance of teachers
having us do these projects that see, to take a lifetime, but then
stthe end of the day when it’s all over | finally grasp the
toncept and the idea of the whole thing and why they make us
doitin the first place. Because they want us to learn the
importance of what we do in class or whatwe have learned and
make sure we don’t leave this college with a miss understanding.
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